Math 120 — Introduction to Statistics — Mr. Toner’s Lecture Notes

3.1 Measures of Central Tendency

The word “average: is very ambiguous and can actually refer to the mean, median, mode or midrange.

Notation: n = sample size
N = population size

A statistic is a characteristic or measure obtained by using a data value from a sample.

A parameter is a characteristic or measure obtained by using all the data values for a specific
population.

A. The mean (commonly called the average) of a data set is defined to be the sum of the data divided
by the number of data items. Your text says to “round your means to one more decimal place than
occurs in the raw data.” We will always take everything out to 4 decimal places as a rule, so ignore
what your book says.

X1+ Xo+ -+ X - Ix

" or x===2
n n

X =

Rounding Rule for the Mean: The mean should be rounded to one more decimal place than
occurs in the raw data.

B. The mode of a data set is the value that occurs most frequently. A data set can be uni-modal, bi-
modal, multi-modal, or have no mode at all. If more than one number shows up as the mode, we
list each as part of our answer. If no value shows up the most, we say that there is no mode.

C. The median of a data set is the "middle" value when the data are listed in numerical order. If nis
odd, the median is the middle data value. If n is even, the median is the mean (average) of the two
middle data values.

D. The midrange of a data set is found by calculating the mean of the maximum and minimum values
of the data set:

lowest value + highest valuej

midrange =
g ( :

example: DATA: 10 12 10 13 12 812 25 15 14 13 7

List the data in order first:
median: midrange:

mode: mean:
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example: Here the data is grouped in classes:
w eekly salary | frequency

$200 6 mean=
$300 2

$350 2 mode=
$700 1

$840 1 median=
$950 1

Sometimes you don’t have the raw data itself, but only the classes. Find the mean of this distribution:
(Hint: Use the class midpoint from each class.)

Intake (mg) X f
under 200 11
200-under 400 85
400-under 600 90
600-under 800 115
800-under 1000 135
1000-under 1200 37
1200-under 1400 22

For the distribution above, what is the mean, median, mode and midrange?

Sometimes one must find the mean of a data set in which not all values are equally represented. Find
the weighted mean of a variable X by multiplying each value by its corresponding weight and dividing
the sum of the products by the sum of the weights.

X — WXy + WXy + - - -+ WX, _ SwX
Wy + Wy + - - - +W, =W
where wy, Wy, . . ., w, are the weights and Xy, X, . . ., X, are the values.
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Which measure of central tendency should you use?

1. The mean is very sensitive to large or small data values; the median is not.
2. The mode is not always near the center. B
3. The perfect case is a bell curve. It has perfect symmetry. (mean = mode = median)

4. Ordinal data are data about order or rank. Most statisticians recommend using the median for
indicating the center of an ordinal data set.

Properties and Uses of Central Tendency

The Mean

I.  One computes the mean by using all the values of the data.

!u‘l

The mean varies less than the median or mode when samples are taken from the same
population and all three measures are computed for these samples.

3. The mean is used in computing other statistics, such as the variance.

4. The mean for the data set is unique and not necessarily one of the data values.

3. The mean cannot be computed for an open-ended frequency distribution.

6. The mean is affected by extremely high or low values, called outliers, and may not be

the appropriate average to use in these situations.

The Median

l. The median is used when one must find the center or middle value of a data set.

!-._.'I

The median is used when one must determine whether the data values fall into the upper
half or lower half of the distribution.

3. The median is used for an open-ended distribution.

4. The median is affected less than the mean by extremely high or extremely low values,

(continued )

The Mode
I.  The mode is used when the most typical case is desired.
2. The mode is the easiest average to compute.

3. The mode can be used when the data are nominal, such as religious preference, gender,
or political affiliation.

4.  The mode is not always unique. A data set can have more than one mode, or the mode
may not exist for a data set.

The Midrange

I.  The midrange is easy to compute.

2. The midrange gives the midpoint.

3.  The midrange is affected by extremely high or low values in a data set.
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Relative positions of the mean and median for (a) right-skewed, (b) symmetric, and (c) left-skewed
distributions

/T~ T T\

Median/' '\Mean Median/' N\ Mean Mean/' '\Median

(a) Right skewed (b) Symmetric () Left skewed

Table 3-1 Summary of Measures of Central Tendency

Measure Definition Symbol(s)

Mean Sum of values, divided by total number of values w, X

Median Middle point in data set that has been ordered MD

Mode Most frequent data value Mone

Midrange Lowest value plus highest value, divided by 2 ME

3.2 Measures of Variation

1. Range- measures the "spread” of the data. The Range= (highest value — lowest value)

2. Standard Deviation- measures the variation in a data set by determining how far the data values
are from the mean, on the average.

3. The variance is the square of the standard deviation. It is the average of the squares of the distance
each value is from the mean.

The standard deviation is a measure of variation- the more variation there is in a data set, the larger its
standard deviation.

Here are the formulas for the population standard deviation (left) and sample standard deviation
(right):

4B =P

a=Va2 T 5=VF= X -X)P

n—1

The Range Rule of Thumb

A rough estimate of the standard deviation is

range

4

5=
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example: DATA: 64 66 66 68 69 70 72 73

xX= s= o=

Turn back to page 20 in your lecture notes and find the sample and population standard deviation for
this grouped data:

Intake (mgQ) X f
under 200 11
200-under 400 85
400-under 600 90
600-under 800 115
800-under 1000 135
1000-under 1200 37
1200-under 1400 22

In general, we use the following notation:

size mean std. Dev.
sample n X S
population N H o

Table 3-2 Summary of Measures of Variation

Measure Definition Symbol(s)
Range Distance between highest value and lowest value R
Variance Average of the squares of the distance that each value

is from the mean o2, 52
Standard deviation Square root of the variance r, §

Uses of the Variance and Standard Deviation

1. As previously stated, variances and standard deviations can be used to determine the
spread of the data. If the variance or standard deviation is large, the data are more
dispersed. This information is useful in comparing two (or more) data sets to determine
which is more (most) variable.

2. The measures of variance and standard deviation are used to determine the consistency
of a variable. For example, in the manufacture of fittings, such as nuts and bolts, the
variation in the diameters must be small, or the parts will not fit together.

3. The variance and standard deviation are used to determine the number of data values
that fall within a specified interval in a distribution. For example, Chebyshev's theorem
(explained later) shows that, for any distribution, at least 75% of the data values will fall
within 2 standard deviations of the mean.

4. Finally, the variance and standard deviation are used quite often in inferential statistics.
These uses will be shown in later chapters of this textboolk.
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When finding the mean of a data set, we can either consider the mean to be a sample mean x or a
population mean p, depending on how the data is being interpreted.

Suppose a data set consists of the heights of an 11-man basketball team:
78 80 78 77 80 76 76 81 75 79 80 (inches)

If we were interested in this team only, we would call the mean a population mean and write p =78.2
inches with N=11.

If this team were to be considered to be a sample of all NBA teams, we would call the mean a sample
mean and write x=78.2 inches with n=11.

example: 1988-89 Phoenix Suns- Frequency Distribution of heights:

height (inches) | 74 | 75 | 76 | 77 | 78 | 79 | 80 | 81 | 82 | 83

frequency 2 2 1 0 2 2 1 2 3 1
x=__ S=
example: Consider the following data sets:
DATASET 1 30 20 16 24 22 19 23 13 18 9 18 28
DATA SET 2 14 9 56 32 13 8 26 3 9 16 31 23

a) Which data set appears to have more deviation?
b) Compute xand s for each data set: = X=_ 5= =

c) Draw dot plots for each data set:

d) There seems to be more variance in data set 2. (The numbers are further apart.) Hence, the
standard deviation for data set 2 is larger.
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Chebyshev 6:sTheprbpertiom of vaues from a data set that will fall within k standard

deviations of the mean will be at least 1—k—12, where k is a number greater than 1 (k is not necessarily

an integer.) Chebyshev’s Theorem can also be used to find the minimum percentage of data values
that will fall between any two given values.

K 1 1 1 At least % of the data values will fall within k
K2 K2 standard deviations to either side of the mean
Figure3-3 oo | At least |
Chebyshev's Theorem ! 88.80% |
| At least |

I 75% I

X-3s X-2s X X+2s X+3s

The Empirical (Normal) Rule: Chebyshev’s theorem applies to ANY distribution regardless of its
shape. However, when a distribution is bell-shaped, or what we call normal, the following statements
are true:

1. Approximately 68% of the data values will fall within 1 standard deviation of the mean.

2. Approximately 95% of the data values will fall within 2 standard deviations of the mean.

3. Approximately 99.7% of the data values will fall within 3 standard deviations of the mean.

KEY FACT: Inany data set, almost all of the data will lie within 3 standard
deviations to either side of the mean. We can write this as an interval: x+ 3s

Pg. 137 #8 The increase (in cents) in cigarette taxes for 17 states in a 6-month period are

60, 20, 40, 40, 45, 12, 34, 51, 30, 70, 42, 31, 69, 32, 8, 18, 50
Use the range rule of thumb to estimate the standard deviation. Compare the estimate to the actual
standard deviation.
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Pg. 140. #40 The average farm in the United States in 2004 contained 443 acres The standard
deviation is 42 acres. Using Chebyshev’s theorem, find the minimum percentage of data values that

will fall in the range of 338 — 548 acres.

Pg. 140 #42 The average full-time faculty member in a post-secondary degree-granting institution

works an average of 53 hours per week.

a. If we assume the standard deviation is 2.8 hours, what percentage of faculty members work more

than 58.6 hours a week?

b. If we assume a bell-shaped distribution, what percentage of faculty members work more than 58.6

hours a week?

Page 140, #34 In a distribution of 160 values with a mean of 72, at least 120 fall within the interval
67-77. Approximately what percentage of values should fall in the interval 62-82? Use Chebyshev’s

Theorem.

One day, Jesus said to his disciples:
"The Kingdom of Heaven is like 3x"2 + 8x- 9."

A man who had just joined the disciples looked
very confused and asked Peter:
"What, on Earth, does he mean by that?"

Peter smiled. "Don't worry. It's just another one
of his parabolas.”

A woman worries about the future until she
gets a husband.

A man never worries about the future until he
gets a wife.

A successful man is one who makes more
money than his wife can spend.

A successful woman is one who can find such a
man.
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3.3 Measures of Position

A z-score or standard score for a data value x is the number of standard deviations x is away from

X —_

2ZHE g
o

an x-value is below the mean, its corresponding z-score is negative. The z-score helps explain where a

data value is with respect to the mean and the rest of the sample.

X_

the mean. For samples, the formulais z= X and for populations the formula is z =

example: Consider a data set with x =80 and s=4.

a) Find the z-score when x=70.

b) Interpret its meaning in words.

example: A student scores 60 on a mathematics test that has a mean of 54 and a standard deviation of
3, and she scores 80 on a history test with a mean of 75 and a standard deviation of 2. On which test
did she perform better?

Quartiles Q1, Q2, Q3 separate data into four parts, when the data is listed in order.
example: DATA: 11 13 14 17 18 19 21 28
13 13 14 17 18 21 25 17

List the data in order:

Find Q1= Q2= Q3=

When the number of data values is not divisible by 4, first find the median. This is Q2. Then find the
median of all values below Q2 and above Q2. These medians will be Q1 and Q3, respectively. On the
TI-83, the quartiles are given to you automatically when you enter the data in a list and use the 1-Var
Stats command.

The Trimean =0.3 Q1+ 0.4 Q2+ 0.3 Q3=

The Interquartile Range, IQR = Q3 - Q1=
The IQR measures the “middle 50%” of the data.
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Outliers are observation that fall well outside the overall pattern of the data. An outlier requires special
attention: It may be the result of a measurement or recording error, an observation from a different
population, or an unusual extreme observation. Note that an extreme observation need not be an
outlier; it may instead be an indication of skewness.

An outlier is defined to be any value that is more than 1.5 IQRs below Q1 or more than 1.5 IQRs
above Q3.

Procedure for Identifying Outliers

Step 1 Arrange the data in order and find @, and Q..

Step 2  Find the interquartile range: IQR = Q; — Q.

Step 3  Multiply the IQR by 1.5.

Step 4  Subtract the value obtained in step 3 from @, and add the value to Q5.

Step 5  Check the data set for any data value that is smaller than Q, — 1.5(IQR)
or larger than O; + 1.5(IQR).

Percentiles and deciles are defined in a similar manner; to find the deciles D1 through D9, for
example, you would split the data up into ten evenly spaced parts.

Pg. 155 #30
W Check each data set for outliers.

a 16,18,22,19,3,21,17, 20

b, 24,32,54,31, 16, 18,19, 14, 17, 20
c. 321, 343, 350, 327, 200

d. 88,72,97, 84, 86, 85, 100

e. 145,119,122, 118,125,116
14,16, 27, 18, 13, 19,36, 15, 20
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The Five-Number Summary of a data set consists of the five values:
{ min value, Q1, Q2, Q3, max value }

A boxplot is a graph of a data set that depicts the five-number summary in a visual way. It is also
useful in helping you compare data sets.

Information Obtained from a Boxplot

1.

a
b.

N>R D

If the lines are about the same length, the distribution is approximately symmetric.
If the right line is larger than the left line, the distribution is positively skewed.
If the left line is larger than the right line, the distribution is negatively skewed.

. If the median is near the center of the box, the distribution is approximately symmetric.
If the median falls to the left of the center of the box, the distribution is positively
skewed.

If the median falls to the right of the center, the distribution is negatively skewed.

Example: Find the five-number summary for the following data set:

33,38, 43, 30, 29, 40, 51, 27, 42, 23, 31

Boxplot for the data above:

25

30

345 40
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(a) Boxplot for TV-viewing times
(b) Modified boxplot for TV-viewing times
Q,
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*

Potential
values outlier
L 1 1 1 1 1 ! J L 1 1 1 1 1 1 J
0O 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
TV-viewing times (hrs) TV-viewing times (hrs)
(a) (b)

Sometimes you can use multiple boxplots to compare distributions:

Real chease

67.5 200 275
- )

Cheese substitute

215 265 300

130 . 340

0 100 200 300 400 500

Table 3-5 Traditional versus EDA Techniques
Traditional Exploratory data analysis
Frequency distribution Stem and leaf plot
Histogram Boxplot
Mean Median
Standard deviation Interquartile range

An important point to remember is that summary statistics (such as medians and IQRS) used in
explanatory data analysis are said to be resistant statistics. A resistant statistic is relatively less
affected by outliers than a nonresistant statistic. (The mean and standard deviation are examples of
nonresistant statistics.)
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Matching Graphs

1. Consider the following two variables: ~ A. age at death of a sample of 34 people

B. the last digit of a social security number of each of 40
people

Match these variables to their graphs:

l_::_| ) o o |_:D—|

We know that there are relatively few deaths among young people; the death rate rises with age. Thus
we would expect the histogram of ages of death to be skewed to the left. On the other hand, the social
security data should have a distribution that is close to uniform.

2. Consider the following list of variables and match them to the appropriate graphs:

A.
B.

C.
D.

E.

scores on a fairly easy examination

number of menstrual cycles required to achieve pregnancy for a sample of women who
attempted to get pregnant. Note that the data were self-reported from memory.

heights of a group of college students

numbers of medals won by medal-winning countries in the 1992 Winter Olympics
SAT scores for a group of college students

I_:D I : :D I ED-'oooooo
D_|o.o . e

il

{11
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2. Match the following histograms to their summary statistics in the table below.

A B C

12
10

onN O

Variable Mean Median Standard Deviation
1 50 50 10
2 50 50 15
3 53 50 10
4 53 50 20
5 47 50 10
6 50 50 5

2. Match the following histograms to their respective boxplots.

G H | J
8 12 8
10
6 8 6
4 6 4
4
2 2 2
0 0 0
I — i T 11— )T 11— T —
| | | | | | | | | | | | | | | | | | | | | | |
20 40 60 80 0 20 40 60 80 0 20 40 60 80 0 20 40 60 80
boxplot 1 boxplot 2 boxplot 3 boxplot 4
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MR. Fox, ABouT I ASSIGNED QUESTIONS 1 FIGURED You CouLD I CAN'T DECDE IF  You
YOUR HOMEWORK... 1 THROUGH 20, YET PLOT MY RESULTS, FIND || YOU'RE STUPID OR CoULD
YOU ONLY DID QUESTIONS || THE BEST-FITTING CURVE, o| BRILLIANT, PETER.  SPLIT
1, 5, 10, 15 AND 20. AND EXTRAPOLATE How [ - / THE DiF=
I'D DO ON THE OTHERS. i <

This form letter is to inform the misinformed about the formation of a new Forms Forum that is
forming. The formal platform of the Forms Forum is to perform reforms for the deformed forms
formed by the former Forms Forum. All forms formed before the former Forms Forum formed must
now conform to the reformed formula that is to be used for formulating pre-formed forms (However
any form not reformed by the forms forum may stay in whatever form it was formed in).

All future forms formed after the formation of the new Forms Forum must conform to all reformed
formulas as well as all formulas formerly formed by the former Forms Forum.

If this formidable form has left you uninformed, please form a line at the forms desk to file a form for
the former form which was formed to keep you further informed.

Sincerely, The former foreman of the Forms Forum
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